& Statistical Sciences (IJAMSS);

ISSN (P): 2319-3972; ISSN (E): 2319-3980
Vol. 14, Issue 2, Jul-Dec 2025; 1-10

© IASET

International Journal of Applied Mathematics A International Academy of Science,
<

Engineering and Technology
IASET Connecting Researchers; Nurturing Innovations

FIXED POINT RESULT IN DOUBLE CONTROLLED METRIC- LIKE SPACES

S. S. P. Singh

Assistant Professor, Department of Mathematics, S.N.SinhaCollege, Warisaliganj, Nawada, Bihar, India

ABSTRACT

In this paper, we obtain a fixed point result in a complex-valued double controlled metric-like space and provide an

example in support of our result
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INTRODUCTION

Banach’s contraction principle has long been one of the most important tools in the study of nonlinear problems, and the
Banach fixed point theorem has numerous applications both inside and outside mathematics. Bakhtin [1] introduced the
concept of a b-metric space and established several fundamental results, which were later generalized by many other
researchers (see [2, 3]). Kamran et al. [4] and others extended the notion of b-metric spaces by controlling the triangle

inequality rather than using a control function in the contractive conditions.

Ullah et al. [5] introduced the concept of complex-valued extended b-metric spaces and obtained some fixed point
results. Mlaiki et al. [6] and Abdeljawad et al. [7] proposed double controlled metric-type spaces and established the
Banach contraction principle in this setting. The classical definition of a metric space was generalized by Harandi [8], who
introduced the notion of a metric-like space. Mlaiki [9] and Aysegul [10] further extended this idea by defining double

controlled metric-like spaces and proving related fixed point theorems.

Azam [11] introduced the complex-valued metric space, while Panda [12] proposed the complex-valued double
controlled metric space. Hosseini and Karizaki [13] generalized Panda’s results by introducing the complex-valued metric-
like space. Chowdhary et al. [14] further developed this line of research by defining the complex-valued double controlled

metric-like space.

Recently, Souayah and Hidri [15] proved a fixed point theorem for Caristi contraction mappings in controlled
metric spaces. In this paper, we establish a fixed point result in the framework of complex-valued double controlled metric-
like spaces using Caristi contraction mappings. We also provide an illustrative example to support our findings. Our results

generalize those of Souayah and Hidri [15] and several others.
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PRELIMINARIES
Let us recall some definitions, useful in the introductions of our concept.
Let C be the set of complex numbers and w; w, € C . w; < w; if and only if
Re( w;) <Re (w») or Re( w;) = Re (w,) and Im( w;) < Im(w,).
Taking into account the previous definition, we have that w; < w; if one of the next conditionsis satisfied:
e Re(w;) <Re(w;) and Im( w;) <Im(w,);
e Re(w;) <Re(w;) and Im( wy) = Im(w,);
e Re(w;) <Re(w;) and Im( wy) >Im(w,);
e Re(w;) = Re (w) and Im( w) <Im(wy);
Definition 2.1 [1]
Let $ # ¢ and & > 1be a given real number. Let £: $ x § — [0,+ o) be a function is called b- metric if
e £p,9=20,°
o £(p,q9=0ifand onlyif p=q,
*  £p, 9 =% ),

o £p, @< s[Lp g tLedlVpgeges.

A pair (8, £) is called a b-metric space. Clearly, every metric space is a b-metric space (with s=1), but in general,

a b-metric space is a proper extension of the usual metric space.
Definition 2.2 [5]

Let $ # ¢ and given a function 0 : $§ x$§ — [1,+ o). Let £: $x$§ — C be a function is called complex - valued extended

b- metric if the following conditions are satisfied
e £p,9=z0,°
o £(p,q)=0ifandonlyif p=gq,
*  £p, 9 =% ),

o £(p,q) < 0(p,Q[E(p, 2) +£(g, ]V p,q,g2¢€8.

A pair ($, £) is called an complex- valued extended b-metric space.
Definition 2.3 [6]
Let $ # ¢ and given a function 0 : $ x§ — [1,+ o). Let£: $x $§ — [0,+ o0) be a function is called controlled metric if
e £p.9=20,"
e £(p,q)=0ifand onlyif p=q,

e £(p,q =£(g, p)
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£(p, @) < 0(p.2)E(p, 2) + 0(g,9)L(g, Q] V p, g, g€ S.

A pair (8, £) is called a controlled metric space.

Definition 2.4[7]

Let $ # ¢ and given a function 0,0 : $ x $ — [I,+ o). Let £: $x $§ — [0,+ o) be a function .is called double controlled

metric if

£(p,9)=0,"
£(p, @ =0iff p=q,
£(p, Q) = £2(q, p),

£(p, @) < 0(p.2)E(p, g) + 02,98, DIV p, g, g€8.

A pair (8, £) is called a double controlled metric space.

Definition 2.5 [9]

Let $ # ¢ and given a function 6,0 : $ x$ — [1,+ ©). Let £: § x § — [0,+ o) be a function .is called double controlled

metric- like if

£p,9=0,"
£(p, @) =0 implies p=q,
£(p, Q) = £2(q, p),

£(p, @) < 0(p.2)E(p, g) + 0(g,9)L(g, DIV p, g, g€8.

A pair (8, £) is called a double controlled metric-like space.

Definition 2.6 [12]

Let $ # ¢ and given a function 6,9 : § x § — [1,+ o). Let£: §x§ — C be a function .is called complex -valued double

controlled metric if

£p,9=0,"
£(p, @ =0iff p=q,
£(p, Q) = £2(q, p),

£(p, @) < 0(p.2)E(Pp, 2) + 0(2,9)£(g, Q] V p, g, g€ S.

A pair ($, £) is called a complex- valued double controlled metric space.

Definition 2.7[14]

Let $ # ¢ and given a function 0,0 : $ x $§ — [1,+ ). Let£:$ x § — C be a function .is called complex -valued double

controlled metric - like if

www.iaset.us editor@jiaset.us



4 S. S. P. Singh

e £(p,9>0,"
e £(p,q)=0implies p=q,
e £(p, 9 =£:(q, p),

o £(p, 9= 0(p.2L(p, g+ o(g.9L(g, DIV p, g, ge8.

A pair($, £) is called a complex-valued double controlled metric-like space. Every complex-valued double
controlled metric space is, in general, also a complex-valued double controlled metric-like space. However, the converse
does not hold in general. Furthermore, the notion of a complex-valued double controlled metric-like space is a

generalization of the concept of a complex-valued extended b-metric space.
Example 2.1[14]

Let $ = {1.2, 3}. Let complex- valued double controlled metric like £: $ x$ — C defined by
£1,1)=£(2,2)=0,£33)= %'7 £(1,2)=£(2,1) =2+41,£(2,3 )= £3,2) =1, £( 1,3)=£3, 1) = 1-1i

And 0, ¢: $x$ — [1,+ ) to be symmetry and defined by

0(1,1) =0(2,2)=0(3,3)=1,0(1,2)=0(2,1) = S 6(2,3)=6(3,2) = § 6(1,3) =0G3,1) = 1—2

6 33 8
(P(lal) = (P(3,3) = (P(Z,Z) :19 (P(laz) = (p(2,l) = Ea (P(2,3) = @(392) = %5 (P(l:3) = (P(B,l) = 5
Thus £ is complex- valued double controlled metric- like space.

Note that, | £2,1)| =v20> 6(2,1) | £(2,3)|+6(2,1) |£(3,1)| Thus £ is not a complex — valued extended b-

metric space for the function 0.

Again, |£2,1)| =v20> 0(2,3) | £(2,3)|+ 06(3,1) |£(3,1)|. Thus £ is not a complex- valued controlled

metric- like space.
Definition 2.5 [14]
Let {p,} be a sequence in complex- valued double controlled metric — like space ($, £ ). Then
o {ps} is said to be convergent to p € $ written as
limg_£(po, p ) = 0.
e {ps} is said to be Cauchy sequence in $ written as
limg ;.. £(po, P:) = 0.
o (8, £)is said to be complete if every Cauchy sequence is a convergent sequence.
Definition 2.6 [14]
Let ($, £) be a complex- valued double controlled metric-like space . Let p € $ and 6>0.
e The open ball B, (p, d) is
B(p,8)=1{qe$, £(p.q) <3}
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The mapping T: $ — §$ is said to be continuous at p € $ if for all r > 0, there exists y > 0 such that

T(BP (~p9 Y)) BP (TJ), r)'

Note that if t is continuous at p in (8, £), then p, — p implies that Tp, — Tp when 6 — .

MAIN RESULTS

Theorem 3.1

Let ($, £) be a complex — valued double controlled metric- like space. Consider the function T : $ — $ such that

Proof

(3. D&(Tp, Tg) < (h(p) — h(Tp) )£(p, @) for all p,q & §.
Where h: $ — R is a bounded function from below.
For, p, £ $, take p; = T°p,. Moreover, assume that, for every p ¢ $, we have

(3.2) limy—..8( ps, p) and limy_., ¢( p, Ps,) €xists and are finite and 6 and ¢ satisfies the following conditions.

(3-3) Sup. 1 limg_,o0( Pi+1, Pi2) P(Pi1, P-) / OC Pi, Piv1) <% where k € (0,1).

Then T has a unique fixed point.

Case 1: Assume that there exists o > 0, such that. £( p,, Tp,) = 0, which implies that p, = Tp,. then p, is a
fixed point of T.

Case 2: Assume that. £( p,, Tps) > 0 for all o € N. Let us denote by =£( po.1, Ps)-

From (3.1), we obtain

bo:1 =£( P> Por1) =E( TPo-1> Tpo) = (h(Po-1) = D(TPo.1) JE(Po-1> Po) = (h(Po-1) — h(Po) JE(Po-1> Po)
= (h(ps-1) — h(ps) )bs

(3.4) 0 < b+ / b < (h(ps.1) —h(ps) ), forall o eN.

Therefore, the sequence {h(p,} is required to be positive and non- increasing.

Thus lim,_,,h(ps =1 > 0, now using (3.4),we obtain

Yi-ibin /b <X h(pit) —h(pi) =h(po) - h(p;) +h(p)) - h(p,) + h(p,) - h(ps) + ... + h(Ps1) - h(ps) =

h(po) - h(po)

Which means that >, by / bi< 0. Consequently, we have
(3.5) limg_,, bis1 / b; = 0.

Taking into account (5), there exists i€ N such that all i>1,
(3.6) by / b=k fork £ (0,1).

This gives that

.7) £(Po+1> Po) = K £( P, Pour) forall 626 .
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Now, we show that {p.} is a Cauchy sequence. From (3.7), we obtain

(3.8) £( Por1> Po) < kK° £( po, py) forall 6> .

For any o,p € N (0 < p),we have

£(Por Pp) < 0(Ps » Por1)E( Pos Por1) T @(ot1 5 Pp)E( Por1, Pp)

< 0(Po » Por1)E( Po, Por1) T @lort > PpO(Do+1 » Por2)£( Port, Por2) T9(o12 s Po)E( Po2s Pp)]

=0(Ps » Por1)E( P, Por1) T Qo+ 5 Pp)OWPos1 > Po2)( Por1> Por2)  lost > Pp) Plorz > Pp)E( Por2s Pp)

< 0o > Por1)E( Pos Dor1) T O(+1 > Pp)O(Por1 5 Po2)E( Por1> Porz) T Por1 5 Pp)Plos2 > Pp)O(Po+2 5 Por3)E( Pot2s Pot3)
+ (P(pcﬁ-l 5 Pp) (P(Pc+2 5 Pp)‘P(J’cﬂ > :pp)£( Po+35 pp)

<..

<O0(Po > Por)E( Pos Por) + Tz i (icgrn 0@ PpOW: s Pie)E( D i) H Tomwss  OPics PPE( Doty Pp))

2

< 0o » Por)KE( Do 1) + 202 (Ticgir 0@ » PpOW: o Pie)KEC Po, P1)) Homgsr 0Dk » PO E( Po,
P1))...

<0(ps > PorDKECPo, P1) + X041 ([Ti=o Oy > POP: » Pis)KE( Pos 1)
(3.9) LetT, = %:0(1_[;.':0 O(D; » P)O@: » Pic)KE( oy 1))

Consider V; = H§'=0 O(P; » POD: » Pi-)KE( Do, P1))

We have

(3.10) Viet/ Vi= o(Pi+1 5 Pp)O(Di+1 » Pis2)K / £( Py Pp) < O(Ps 5 Por1)E( Po> Po1)

In view of condition 3.2 and ratio test, the series > V; converges. Thus lim,_,. T, exists. Hence the real sequence

{Ts} is Cauchy.
Now using 3.8 we get
(G.11) £( po Pp) < £(po, POIK (P , Poi1) + (Tp1 = To) |
We used 0(p , q)>1. Letting 6,p—ocin 3.11 then obtain
(3.12) limy 6—o£( o> Pp) = 0.

Thus the sequence {p,} is Cauchy sequence in $ and by the completeness of the space $, we can affirm that some

Po— P as 6.
Now, we claim that p" is an fixed point, From (3.1) , we have

B3 E(P, Port) SO, PE(D > Po) + O Pos Por1)E(Pos Por1)-

Knowing that the limit of 0(p", p,) and ¢( Ds.» Por1) exists and are finite from ( 3.2) and using (3.12) we can
affirm that

(3.14) limy_.£( po, p) =0.
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On the other hand, we have
£(p,TP) <0, Por)E(D s Por) T O Por1 > TP EWDos1, TP)
= 00", Por)E(P . Port) + O Do, TPIETps, Tp))
(315 < 0P, oD o) @ Port TPI(h(Pe) ~ h(Po) JE(Ppo, -
If we take the limit in (3.15) as 6 —oo and from (3.2) and (3.14) , we obtain
£(p’, Tp) =0,
That is p is a fixed point of T.
Assume that T has two fixed points p* and p* ( thatis, Tp =p and Tp =p ). Then
£(p,p") =£(Tp, Tp )< (h(p)-h(Tp)) £(p’,p ")
=(h(p)—h(p")) £ p’,p") =0.
Therefore, £(p,p ) =0 and p = p .
Example 2.2 [10]

Let $ = {1.2,3}. Let complex- valued double controlled metric -like £:$x$ — C defined by
E(1,1)=£(2,2)=0,£(3.3) = £, £(1,2 )= £Q2,1) = 2+4i.£2.3 )= £3.2) = i, £ 1.3)= £3, 1) = 1- i

And 0, ¢: $x$ — [1,+ ) to be symmetry and defined by

0(1,1)=0(22)=0(33)=1,6(1,2) = 6(2,1) =2, 0(2.3) = 03,2) = 2, 6(1,3) = 6(3,1) = .

100
o(1,1)=(3.3) = 0(2.2) =1, 9(1,2) = 0(2.1) =2, 0(2.3) = 9(3.2) = =, ¢(1,3) = p(3,1) =

Now defined the self- mapping T on $ as follows T(1) = T(2) = T(3) = 2,and h defined on $ to R as h(1) =6,
h(2)= 5and h(3)=9.

Now verify the condition (3.1):
e Casel:Whenp=1,g=2
| £(Tp,Tq) | = |£(T1,T2) |= |£(2,2) | =0<(h(1)-h(T1))|£(1,2) |
=(h(1)~h@2) [£(1,2) |
= 1.v20 =v20.
o Case2: Whenp=1,g=1
| £(Tp,Tq) | = |£(T1, T1) |= |£(2,2) | =0<(h(1)-h(T1)|£(1, 1) |
= (h(1)-h) [£(1, 1) |

=1.0=0.
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e Case3:Whenp=1,3=3
|£(Tp, Tq) | = |£(T1,T3) |= |£(2,2) | =0<(h())~h(T1)|£(1,3) |
=(h(1)~h(2) | £(1,3) |
= 1.V2 =2,
e Cased4:Whenp=2,q=1
| £(Tp, Tq) | = |£(T2, T1) |= | £(2,2) | =0<(h2)-h(T2))|£(2, 1) |
=(h2)-h@) | £2,1) |
= 0420 =0.
e Case5: Whenp=2,0=2
| £(Tp, Tq) | = |£(T2,T2) |= | £(2,2) | =0<(h2)-h(T2))|£(2,2) |
=(h(2)-h2))|£(2,2) |
= 0.0 =0.
e Case6: Whenp=2,9=3
|£(Tp, Tq) | = |£(T2,T3) |= [£(2,2) | =0<(h(2)-h(T2))|£(2,3) |

= (h(2)-h(2)) | £(2,3) |

= 0.1 =0.
e Case7:Whenp=3,g=1
| £(Tp,Tq) | = |£(T3, T1) |= | £(2,2) | =0<(h3)-h(T3))|£(3, 1) |
=(h(3)-h2)|£(3,1) |
= 4.2,
e Case8: Whenp=3,0=2
|£(Tp, Tq) | = |£(T3,T2) |= |£(2,2) | =0<(h@3)-h(T3))|£(3,2) |

=(h(3)-h@)|£(3,2) |
= 4.1= 4,
o Case9: Whenp=3,q=3
| £(Tp, Tq) | = |£(T3,T3) |= | £(2,2) | =0<(h(3)-h(T3))|£(3,3) |
=(h(3)-h2) [£(3,3) |

= 4.112= 2.
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For all k € (0,1), it is clear that the above conditions are satisfied, these conditions are also satisfied for T(1) =

T(2) =T(3) = 1. For any po € $ condition (3.2) holds along with conditions of theorem 3.1. Therefore, there exists a unique

fixed point at 1.

CONCLUSIONS

The results obtained in the setting of complex-valued double controlled metric-like spaces generalize those of Souayah and

Hidri [15] and other related works
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